In this paper, we have studied the shapes coexistence in the [180][181][182][183][184][185][186][187][188][189][190] Hg isotopes. The SO(6) representation of eigenstates and a transitional Hamiltonian in the Interacting Boson Model are used to consider the evolution from prolate to oblate shapes for systems with total boson number N = 9 -12. Parameter free (up to overall scale factors) predictions for energy spectra and quadrupole transition rates are found to be in good agreement with experimental counterparts.
Introduction
The microscopic origin of quadrupole collectivity and shape coexistence at low excitation energies in neutron mid-shell nuclei near the Z = 50 and 82 shell closures are still not fully understood. In some of these nuclei, the deformed intruder states coexist with the nearly spherical normal states . The neutron mid-shell Z ≈ 82 nuclei are very neutron deficient lying close to the proton drip line and they can be produced in fusion-evaporation reactions, albeit, due to strong fission competition. Very important information about the shape-coexisting states in this region has been extracted in α-decay studies of fusion products, especially when detecting γ rays or electrons in coincidence with α particles . 3 There are two naturally complementary ways in order to describe the phenomenon of nuclear shape coexistence [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] . The first one is model that starts from a nuclear shell-model approach, protons and neutrons are expected to gradually fill the various shells at Z, N = 2, 8, 20, 28, ... giving rise to a number of double-closed shell nuclei that are the reference points determining shells. The valence nucleons in these shells have been allowed to interact through either a phenomenologically fitted effective interaction or a microscopic effective interaction, deduced from many-body theory from realistic NN forces. In the other approach, the starting point is an effective nuclear force or energy-density functional which are used to derive the optimized single-particle basis in a self-consistent way. These approaches use of Hartree-Fock (HF), or using Hartree-Fock-Bogoliubov (HFB) theory, when also including the strong nucleon pairing forces in both cases constraining the nuclear density distribution to specific values for the quadrupole moments, octupole moments, etc. [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] .
In the Interacting Boson Model (IBM) , which describes the nuclear structure of eveneven nuclei within the U(6) symmetry, possessing U (5) , SU (3) and O(6) dynamical symmetry limits, shape phase transitions were studied 25 years ago with using the classical limit of the model. These descriptions point out that there is a first order shape phase transition between U (5) and SU (3) limits, namely between spherical and deformed limits which Hg isotopes are expected to lie in this transitional region. The analytic description of nuclear structure at the critical point of phase transitions has attracted extensive interest in the recent decades. One has to employ some complicated numerical methods to diagonalize the transitional Hamiltonian in these situations but we have proposed a new solution which was based on the SO (6) representation of eigenstates in this transitional region and has applied to some nuclei with total boson number N = 3 -5 [21] [22] . 4 In this paper, we have considered the shape coexistence phenomena in the [180] [181] [182] [183] [184] [185] [186] [187] [188] [189] [190] Hg isotopes. A simple Hamiltonian with two control parameters was used. We have determined the SO (6) representation [22] [23] [24] [25] [26] [27] [28] [29] [30] of eigenstates and by using them, the matrix elements of quadrupole term in Hamiltonian are determined for systems with total boson number N = 9-12. The parameters of the Hamiltonians are fixed through a least square fit to the known energies and absolute B(E2) transition rates of states up to 3 MeV. Parameter free prediction for energy spectra and transition rates have compared with the most recent available experimental data [43] [44] [45] [46] [47] [48] for these nuclei which a fairly good agreement is achieved.
The model

investigation of shape coexistence by other models
As have been shown in various spectroscopic selective experiments, e.g. transfer reactions in particular, very near to closed shells (the In and Sb nuclei at Z=50 but also in other mass regions, e.g. the Tl and Bi nuclei at Z=82) some low-lying extra states, so-called intruder states, have been observed with a conspicuous energy dependence on the number of free valence neutrons, hinting for 2p-2h excitations as their origin [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] . If these excitations are proton excitations combined with the neutron degree of freedom appearing on both sides of the Z=50 closed shell, such as condition which are available for Te isotopes, it is a natural step to suggest that low-lying extra 0 + excitations will also show up in the even-even nuclei in between. Because the Te isotopes with a large number of valence neutrons are situated near to the  -stability line, they could be studied [62] [63] [64] [65] .
Since making a 1p-1h excitation across the closed shell at Z=50 takes about 4.5 MeV (the proton shell gap), the unperturbed energy for 2p-2h excitations comes up to about 9 MeV. Even though pairing amongst the particles and holes will lower the energy in an important way to 4-5 MeV, 5 this is still far from the observed excitation energy of 1.7 MeV. Some essential element is missing when starting from the spherical intrinsic symmetry of the shell model.
One way to come around is breaking the spherical symmetry and allowing the mean field to acquire quadrupole deformation thereby giving rise to the possibility that spherical orbits split and the large spherical shell gap at Z=50 and also at Z=82 rapidly vanishes. Calculations have been carried out over the years using deformed mean-field studies, e.g. Nilsson model, deformed
Woods-Saxon, Hartree-Fock-Bogoliubov studies and we would like to cite in particular [65] [66] [67] [68] [69] [70] [71] [72] .
The deformed field essentially points out to need for the quadrupole component in the mean field as the agent for the increased binding energy. Knowing this, and having experimental knowledge of the fact that 1p-1h (in odd-mass nuclei) and 2p-2h (in even-even nuclei) are present in these states, it is tempting to incorporate this in a spherical shell-model description. By invoking a schematic model that was discussed in detail in [72] [73] [74] [75] it is possible to evaluate the excitation energy of a 2p-2h configuration:
in which the index I denotes the nucleon distribution in the intruder state and GS the distribution in the ground state. Using a pair distribution for the neutrons, combined with a 2p-2h excitation and a 0p-0h excitation for the intruder and regular state, respectively, one can derive the expression:
where the various terms describe the unperturbed energy to create the 2p-2h configuration. A monopole correction due to a change in proton single-particle energy while changing the neutron number, the pairing-energy correction because 0 + -coupled pairs are formed, and the quadrupole binding energy originating from the proton-neutron force, respectively. 6 In calculating the neutron number dependence of the 2p-2h intruder 0 + configurations, we have to determine the quadrupole energy contribution and this we do by using the SU(3) expression given in [72] [73] [74] [75] , i.e.:
in which N   denotes the number of pairs excited out of the closed shell configuration at Z=50, i.e., This approach points out that the essential elements are the strong pairing interactions amongst the particles and the holes that make up for the excited configuration and the strong quadrupole proton-neutron forces. It is precisely here that early contacts between the disconnected "spaces'' of interacting boson within a valence space only and the p-h excitations of the core itself showed up. In a lowest order approximation, one can think of the 2p and the 2h parts to bring in two extra bosons increasing the active model space from N to N+2 bosons and carry out separate calculations for both spaces introducing a coupling between them by using a mixing Hamiltonian
The presence of these extra states, characterized by 2p-2h excitations across the Z=50 shell closure, has become a fingerprint especially near the N=66 mid-shell region. Moreover, the interference between the regular vibrational states and these intruder states that contain a much larger collectivity, shows up as drastic modifications of the regular vibrational E2 intensity ratios.
A full shell-model study of the Te nuclei, with neutrons moving all through the full valence space of N=50 towards N=82, at the same time incorporating, besides the two proton holes outside of Z=50, the 2p-2h excitations that show up in the mid-shell neutron region (around N66), is out of reach. Only when approaching the neutron shell closure at N=50 i.e. N=52 and 7 54 and for the heavy nuclei near N=82 considering the cases with N=78-80 and also beyond, at N=84, full shell-model studies can become feasible. Therefore, the study of these extreme heavy nuclei is important since it may shed light on the way how collective quadrupole states (with an harmonicities included) may go over into the shell-model structure: there should be some region of overlap which can give us very interesting information.
As mentioned in Refs. [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] , the nuclear shell model is not in a position to be used for a reliable computation of the low-energy properties of the full range of Hg isotopes. This means that one has to resort to a suitable truncation of the shell model, such a model has been developed in Ref. [74] which is based on quasiparticle random-phase approximation (QRPA) or use algebraic approach to explore the considered nuclei. On the other hand, the drawback of those calculations is that one easily gets involved with a lot of parameters and unless one has some physics guidance the detailed agreement needs some caution. In the following, we have developed our previous algorithm [22] to get all SO(6) representation of a two parameter Hamiltonian which make a very simple method to consider shape evolution and coexistence [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] .
Transitional Hamiltonian and (6)
SO representation Phase transitions have been studied widely in Refs. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [22] [23] [24] [25] [26] [27] [28] [29] [30] are those of the ground state deformation. In the Interacting Boson Model (IBM), one would achieve a very simple two parameters description leading to a symmetry triangle which is known as extended Casten triangle. There are four dynamical symmetries of IBM called U(5), SU(3), . , In the following, we have employed SO(6) representation to determine the eigenvalues of Hamiltonian (2) . Algebraic structure of IBM has been described in detail in Refs. [22] [23] [24] [25] [26] and especially in Ref. [28] . Here, we briefly outline the basic ansatz and summarize the results which have been used in this paper for our considered representation. Classification of states in the SO (6) representation is [27] [28] [29] 
The multiplicity label  in the (5) (2) as; 
mm m BB  On the other hand, coupled two body operators are of the form: [13] . Now, with using these eigenstates, the energy spectra for considered systems are determined as:
The  term in Eq. (7) denotes the analytical expressions of quadrupole term in Hamiltonian as presented in Tables 5 -8 for systems with total boson number N = 9-12 . To get these expressions, we have to diagonalize the matrix of Hamiltonian in these states. To this aim, we have devolved a method which have used in Ref. [22] . In this method, we have blocked the matrix of Hamiltonian in the 3*3 dimensions and then, combine results which finally yield the indicated results for  . On the other hand, we have used a numerical method, based on MATLAB software, to determine the constants of relation 7, namely E0, η and C. We have used the recent empirical data for energy spectra and transition probabilities, which have explained in the following, of considered isotopes. The results are presented in the captions of Figures 1a-1f.
B(E0) and B(E2) Transition Probabilities
The reduced electric monopole and quadrupole transition probabilities are considered as the observables which as well as the quadrupole moment ratios within the low-lying state bands prepare more information about the nuclear structure. The most general one-body multipole transition operator has the form [5, 7] : operator may be found by setting l=0 in above equation as [5, 7] :
On the other hand, the E2 transition operator must be a Hermitian tensor of rank two and consequently, number of bosons must be conserved. With these constraints, there are two operators possible in the lowest order, therefore the electric quadrupole transition operator employed in this study is defined as [7] , 2 ) BE   value should has a peak with a collective value which counterpart with O(6) dynamical symmetry and then, decrease quickly as  increases. 12 Our results suggest similar behavior for this quantity in considered transition region which more details will present in the following.
On the other hand, we can use the E0 and E2 transition probabilities to consider the evolution of charge radii and spectroscopic quadrupole moments of the 2 + states in the ground and first excited bands. As have described in Refs, [89] [90] , the mean-square charge radius of a state s is given by: r , is the square of the charge radius of the core nucleus. The second term accounts for the (locally linear) increase in the charge radius due to the addition of two nucleons (i.e., neutrons since isotope shifts are considered in this study). The third term in Eq. (7) stands for the contribution to the charge radius due to deformation. The factor 1/Nb is included here because it is the fractionˆd b n N which is a measure of the quadrupole deformation (β2 in the geometric collective model) rather than the matrix element ˆd n itself. Although the coefficients α and η will be treated as parameters and fitted to data on charge radii andE0 transitions, it is important to have an estimate of their order 13 of magnitude. The term in α increases with particle number and therefore can be associated with the "standard" isotope shift. On the other hand, The term in η stands for the contribution to the nuclear radius due to deformation. We have followed the prescription that introduced in
Refs. [89] [90] A comparison between the theoretical prediction and experimental counterparts for charge radii and quadrupole moments are presented in Table 9 .
Results and Discussion
 Theoretical results and comparison with empirical counterparts
We have studied the energy spectra and quadrupole transition rates of 180 190 80 Hg  isotopes with emphasis on the signatures of shape coexistence. Theses nuclei have been interpreted as the best candidates for coexistence of spherical and deformed shapes which are investigated by different methods such as configuration mixing IBM [11] [12] [13] [14] , Total-Routhian-surface (TRS) calculations and a symmetry-based approach [14] [15] [16] [17] [18] . 14 
 Energy spectra
We have determined the low-lying part of energy spectra by employing Eq. (7) and the analytical expression of quadrupole term which are introduced in Tables 5-8 for considered isotopes as have displayed in the Figure 1 . Also, we have extracted the constants of Hamiltonian, namely E0, η, χ and C by least square fit to the experimental data [43] [44] [45] [46] [47] [48] for energy levels and absolute transition probabilities. A general agreement between the theoretical results and experimental counterparts is achieved.
Energy spectra which obtained in this approach are generally in good agreements with the experimental data and indicate the elegance of extraction procedure which presented in this technique and they suggest the success of guess in parameterization. Also, our results for η values, the control parameter of transitional Hamiltonian, are compared with the experimental quadrupole deformation values. Results in Figure 2 show an obvious relation between these quantities where nuclei with more deformation, have the biggest η values and theoretical predictions suggest an approach to SU(3) limit for them.
Our first assumption for η values, which expect to have zero values for these nuclei that are located in or near the critical point of the oblate to the prolate transitional region, is changed and we got nonzero values for this quantity by extraction processes. If we get the η values zero in our calculation and determine the variation of our theoretical results in comparison with experimental equivalents as
N is the number of energy levels included in the extraction processes, the uncertainty of theoretical predictions are increased obviously.
These results for the η in different isotopes describe the effect of spherical shape on the deformed one for these isotopes. As have mentioned in different literatures [12] [13] [14] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] , the Hg isotopic 15 chain expect to be located in and near the critical point of prolate to oblate transitional region, e.g. SO(6) dynamical symmetry. The results which offer the role of spherical symmetry in this isotopic chain and consequently the combination of these two symmetries, not absolutely but likely, may suggest a shape coexistence-like meaning. Also, if we consider that, interplay between the stabilizing effect of a closed shell on one hand and the residual interactions between protons and neutrons outside closed shells on the other hand, leads to the concept of 'shape coexistence', where normal near-spherical and deformed structures coexist at low energy, our result show the similar competition between these two interactions.
 expectation valueˆd n Hg isotopes are known as nuclei which are located in the transitional region between spherical and deformed shapes. The concept of shape coexistence in this isotopic chain has studied by emphasis on different observables. Here we try to use the expectation valueˆd n which are determined in different states as a new signature for this phenomena. The expectation value of ˆd n is defined as
We have determined this quantity in the first states of groundˆd g n , β ˆd n  and γ ˆd n  bands which results are listed in Figure3. Our results suggest an obvious changes in these quantities for two [184] [185] [186] Hg isotopes similar what have predicted by Jiao et al [11] which have studied the energy surfaces of Hg and Pt isotopic chains and reported unusual behavior for these isotopes.
Also these changes are so remarkable in theˆd n  andˆd n  values where the effect of intruder states are increased. The effect of shape coexistence on the excited 0 + states are reported on different literatures [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] where the related observables such as transition probabilities are 16 studied. The expectation values of ˆd n on these states may be regards as new signature to predict shape coexistence but we need more consideration on the values of these quantities for deformed nuclei to get an exact summary.
 E0 and E2 Transition rates
Stable even-even nuclei in Hg isotopes provide an excellent opportunity for studying the behavior of total low-lying E0 and E2 strengths in the (3) for considered isotopes. Since the experimental data are not available for E0 transitions in this isotopic chain, we have used these transition to get charge radii which are presented in Table9.
The results of present analysis for different quadrupole transition ratios interpret a satisfactory agreement in comparison with experimental counterparts [43] [44] [45] [46] [47] [48] , too. In all tables of the present paper, the uncertainties of experimental data which are smaller than the size of symbols are not represented.
As have described in Refs. [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] 
Conclusion
In summary, we have studied the energy spectra, monopole and quadrupole transition probabilities, charge radii and quadrupole moments of [180] [181] [182] [183] [184] [185] [186] [187] [188] [189] [190] Hg isotopic chain. For this aim, we have determined the SO (6) Also, the deviation from SO (6) 
